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Abstract
Fubini’s formula for an oriented bundle suggests a definition of the integration of forms of maximal
degree in a transitive Lie algebroid A (using the fibre integral \∫ A in A, defined and investigated by
the author in his previous paper). In the case of a unimodular and invariantly oriented transitive Lie
algebroid, this integral enables us to define the Poincaré scalar product. The purpose of this paper
is to investigate the fundamental properties of this product.  2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction
1.1. Preliminary
Lie algebroids arise in many subjects of differential geometry and play a role
analogous to that of Lie algebras for Lie groups. For example, they arise in the theory
of differential groupoids, principal bundles, vector bundles, actions of Lie groups on
manifolds, transversally complete foliations, non-closed Lie subgroups, Poisson manifolds
and other (see the famous survey article by Mackenzie [17], also see [12]).
A finite dimensional Lie algebra g and the tangent bundle TM to a manifold M are
examples of trivial transitive Lie algebroids. Cohomology theory with real coefficients for
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unimodular Lie algebras and the theory of the de Rham cohomology for manifolds are
theories with the Poincaré duality. Paper [13] “Fibre integral in regular Lie algebroids”
by the author has initiated the study of cohomology of Lie algebroids via the operator
\
∫
A
of integration over the fibre of the adjoint bundle of Lie algebras. Basing ourselves
on this work and the fibre integral \
∫
A defined and investigated there, we give in this
work the Poincaré duality theorem for the class of transitive unimodular invariantly
oriented (TUIO—for short) Lie algebroids on oriented manifolds generalizing the dualities
for Lie algebras and manifolds. Interpretations for some G-principal bundles and TC-
foliations (which determine TUIO-Lie algebroids) are given. Some applications to TUIO-
Lie algebroids on nonoriented manifolds or on compact manifolds are obtained. The
notion of Betti numbers, the Euler–Poincaré characteristic and the signature of a TUIO-
Lie algebroid are introduced. The problems considered for nontransitive Lie algebroids are
left open.
This paper shows that the classical methods of the theory of the de Rham cohomology
[5,1] can easily be adapted to an essentially larger class of Lie algebroids more than tangent
bundles TM.
1.2. The category of transitive Lie algebroids
By a transitive Lie algebroid on a manifoldM we mean a system (A, ❏·, ·❑, γ ) consisting
of a vector bundle A over M and mappings ❏·, ·❑ : SecA× SecA→ SecA, γ :A→ TM ,
such that:
(a) (SecA, ❏·, ·❑) is a real Lie algebra,
(b) γ , called an anchor, is an epimorphism of vector bundles,
(c) Secγ : SecA→X(M), ξ → γ ◦ ξ , is a homomorphism of Lie algebras,
(d) ❏ξ, f · η❑= f · ❏ξ, η❑+ (γ ◦ ξ)(f ) · η, ξ, η ∈ SecA, f ∈Ω0(M)= C∞(M).
It follows that g := kerγ is a LAB (Lie algebra bundle), called the adjoint of A. The rank
of g, rankg, is called the rank of A.
If g|x ∼= g for all x ∈M (g is a given Lie algebra), then A is called a g-Lie algebroid.
The notion of a nonstrong homomorphism between two Lie algebroids (not necessarily
transitive) comes from Higgins and Mackenzie [6], see also [10,11].
By an A-differential form of degree p we mean a cross-section Φ ∈ ΩpA(M) :=
Sec
∧p
A. In the space ΩA(M) := Sec∧A, the exterior derivative dA :ΩA(M) →
Ω+1A (M) works giving a cohomology algebra HA(M) (see [18,8,15,11]; for a more
general point of view on pseudo-algebras or (R,C)-algebras or similar objects, see the
review work by Mackenzie [17]).
For A = TM , we obtain the usual exterior derivative dM of differential forms
on the manifold M whereas for a Lie algebra g we obtain the Chevalley–Eilenberg
antiderivation δg.
As usual, by the support of an A-form Φ ∈ ΩA(M) we mean the subset suppΦ =
{x ∈M; Φ(x) = 0} ⊂ M . Let ΩA,c(M) denote the vector space of A-forms with a
compact support. ΩA,c(M) is a graded ideal and a subalgebra of ΩA(M). Denote by
HA,c(M) the cohomology graded algebra of this complex of A-forms.
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1.3. Fibre integral and TUIO-Lie algebroids
The pair (A, ε) consisting of a Lie algebroid A and a non-singular cross-section ε of∧n g (n = rankg) is called a vertically oriented Lie algebroid. By a homomorphism of
vertically oriented Lie algebroids (T , t) : (A, ε)→ (A′, ε′) of the same rank n we mean
a homomorphism T :A → A′ inducing t :M → M ′ of Lie algebroids [10], such that
(
∧n
T +)(εx)= ε′tx , x ∈M , where T + :g→ g′ is the restriction of T to adjoint bundles.
The fundamental role plays the fibre integral \
∫
A introduced in [13]. The operator
\
∫
A :Ω

A(M) → Ω−n(M)—for a vertically oriented transitive Lie algebroid (A, ε)—is
defined in the following way: \
∫
A
Φ = 0 if degΦ < n and γ ( \∫
A
Φ) = (−1)nkιεΦ if
degΦ = n + k, k  0. It is clear that, if n = 0, then \∫
A
= idΩ(M). The fundamental
properties of \
∫
A
are described in the following theorems [11]:
Theorem 1.1.
(a) If (T , t) : (A, ε)→ (A′, ε′) is a homomorphism of vertically oriented Lie algebroids
then t ◦ \∫
A′ = \
∫
A
◦ T ,
(b) \∫
A
◦ γ  = 0,
(c) \∫
A
γ ψ ∧Φ =ψ ∧ \∫
A
Φ for arbitrary forms ψ ∈Ω(M) and Φ ∈ΩA(M),
(d) \∫ AΦ ∧ γ ψ = (−1)nk( \∫ AΦ)∧ψ for ψ ∈Ωk(M), Φ ∈ΩnA (M),
(e) \∫ A is an epimorphism (also in the domain of compact support forms).
Theorem 1.2. The fibre integral \∫
A
commutes with exterior derivatives dA and dM if and
only if:
(a1) the isotropy Lie algebras g|x are unimodular, and
(a2) the cross-section ε is invariant with respect to the adjoint representation of A on∧n g.
Remark 1.1. We recall [15,10] that:
(1) By a representation of A on f (both over M) we mean a strong homomorphism of
Lie algebroids T :A→A(f) where A(f) is the Lie algebroid of f. We add that the fibre of
A(f) over x consists of all linear mappings l : Sec f→ f|x for which there exists a vector
v ∈ TxM (being the anchor of l) such that l (f ·σ)= f (x) · l(σ )+ v(f ) ·σx , f ∈C∞(M),
σ ∈ Sec f. Local trivialities are given in [10], whereas the transition functions are obtained
in [2]. A cross-section σ ∈ Sec f is called T -invariant if T (ξ)(σ )= 0 for all ξ ∈ SecA.
(2) The adjoint representation adA :A→ A(g) defined in such a way that adA(ξ)(ν)=❏ξ, ν❑, ν ∈ Secg, induces the exterior power∧n adA :A→A(∧n g) defined in such a way
that ( n∧
adA
)
(ξ)(h1 ∧ · · · ∧ hn)=
n∑
i=1
h1 ∧ · · · ∧ ❏ξ,hi❑∧ · · · ∧ hn,
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ξ ∈ SecA, hi ∈ Secg. By definition, ε is invariant if and only if ∧n adA(ξ)(ε) = 0 for
all ξ ∈ SecA, i.e., if and only if, in each open subset U ⊂ M where ε is of the form
ε|U = (h1 ∧ · · · ∧ hn)|U for cross-sections hi ∈ Secg, we have(
n∑
i=1
h1 ∧ · · · ∧ ❏ξ,hi❑∧ · · · ∧ hn
)
|U
= 0 for all ξ ∈ SecA. (1.1)
As a simple consequence we obtain that if T :A→ A′ is a strong isomorphism of Lie
algebroids and ε ∈ Sec∧n g is invariant then ∧n T + ◦ ε ∈ Sec∧n g′ is invariant, too.
Theorem 1.3. The kernel ker \
∫
A ⊂ ΩA(M) is dA-stable space if and only if g|x are
unimodular Lie algebras.
Theorem 1.4. For a trivial Lie algebroid A = TM × g over a connected manifold M a
cross-section ε of the vector bundle∧n g =M ×∧n g is invariant if and only if when it is
a constant one ε(x)= ε0 for a ∧n adg-invariant element ε0 ∈∧n g.
The transitive Lie algebroid fulfilling properties (a1) and (a2) from Theorem 1.2 is called
a TUIO-Lie algebroid.
The following are examples of TUIO-Lie algebroids [13]:
Example 1.1. The Lie algebroid A(P) of a G-principal bundle P(M;G) for a (not
necessarily connected) Lie group G such that det(AdGa)=+1, a ∈G (in particular, for
all connected unimodular Lie groups, not necessarily compact).
We recall that A(P) = T P/G is a transitive Lie algebroid over M , and that ε ∈
Sec
∧n g, n = dimG, defined by εx = (∧n zˆ)(ε0), z ∈ P|x , x ∈ M , is invariant. Here
0 = ε0 ∈∧n g and zˆ :g ∼=−→ g|x , h → [Azh] (Az :G→ P, a → za).
Example 1.2. The Lie algebroidA(G;H) of the TC-foliation of left cosets of a nonclosed
Lie subgroup H in an arbitrary Lie group G. In the case of G simply connected and
dimG> dimH , we obtain a nonintegrable TUIO-Lie algebroid.
We recall that A(G;H) is a transitive Lie algebroid over G/H with the trivial adjoint
bundle of abelian isotropy Lie algebras g ∼= G/H × h¯/h, see [10,9]; the cross-section
ε ∈ Sec∧n g (n = dim h¯/h) corresponding to a constant function G/H → ∧n h¯/h) is
invariant.
Example 1.3. The Lie algebroid A(M,F) of a TP-foliation on a compact and simply
connected manifold. This follows immediately from the structure theorem [19, Propos-
tion 4.5, p. 132]: the commuting sheaf C(M,F) is globally constant, the structural Lie
algebra g(M,F) is abelian and is the centre c(M,F) of the algebra of transversal fields
l(M,F). Therefore the Lie algebroid A(M,F) has abelian isotropy Lie algebras and g
possesses a global basis of cross-sections h1, . . . , hn fulfilling condition (1.1) for U =M ,
so ε = h1 ∧ · · · ∧ hn is invariant.
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Problem. Characterize all TC-foliations (especially TP-foliations on compact manifolds)
which give TUIO-Lie algebroids.
1.4. The inverse-image of TUIO-Lie algebroids
The inverse-image f ∧A of a Lie algebroid A on M by a mapping f :M ′ →M is one of
the most important notion from the foundations of the theory of Lie algebroids. It was first
given by Higgins and Mackenzie [6] and then—in some different manner for the regular
case only—by the author [10]. In the category of transitive Lie algebroids (used in our
paper) these two definitions are equivalent: f ∧A= TM ′ ×(f,γ ) A. The Atiyah sequence
of the inverse-image f ∧A of A is
0 → 0⊕ f g→ f ∧A pr1−→ TM ′ → 0
(0→ g ↪→A→ TM→ 0 is the Atiyah sequence of A).
The canonical homomorphism
f˜ = pr2 :f ∧A→A, (v,w) →w,
is an example of a nonstrong homomorphism of transitive Lie algebroids over f :M ′ →
M [10]. Each nonstrong homomorphism of transitive Lie algebroids H :A′ → A over
f :M ′ →M is canonically represented as the superposition
H :A′ H˜−→ f ∧A f˜−→A
of the strong homomorphism H˜ (v)= (γ ′(v),H(v)), v ∈A′, with the canonical nonstrong
one f˜ , see [16,6,10].
Let ε be a smooth cross-section of the bundle
∧n g, n = rankg. We define the cross-
section f ε ∈ Sec∧n(0 ⊕ f g) by the formula (f ε)x ′ = (0, εf (x ′)), x ′ ∈M ′. Clearly,
f ε is smooth.
Proposition 1.5. If (A, ε) is a TUIO-Lie algebroid on a manifold M and f :M ′ →M is
an arbitrary smooth mapping, then (f ∧A,f ε) is also a TUIO-Lie algebroid.
Proof. To prove the invariance of f ε, take a cross-section ξ ′ = (X, ξ¯ ) ∈ Secf ∧A,
X ∈ X(M), ξ¯ ∈ Secf A, and a point x ′ ∈ M ′. Let U be a neighbourhood of f (x ′) on
which ε|U = (h1 ∧ · · · ∧ hn)|U , hi ∈ Secg. Then (f ε)|U ′ = (0, h1 ◦ f ∧ · · · ∧ hn ◦ f )|U ′
for U ′ = f−1[U ]  x ′. Diminishing U , if necessary, we can represent ξ¯ on U ′ in the form
ξ¯|U ′ = (∑i gi · ξi ◦ f )|U ′ , gi ∈Ω0(M ′), ξi ∈ SecA. Then, we have( n∧
adf ∧A
)(
ξ ′x ′
)
(f ε)=
( n∧
adf∧A
)(
ξ ′x ′
)
(0, h1 ◦ f ∧ · · · ∧ hn ◦ f )
=
n∑
j=1
(
(0, h1 ◦ f )|U ′ ∧ · · · ∧
(
X|U ′ ,
∑
i
(
gi · ξi ◦ f
)
|U ′
)
, (0, hj ◦ f )|U ′
′
∧ · · · ∧ (0, hn ◦ f )|U ′
)
x ′
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=
n∑
j=1
(
(0, h1 ◦ f )|U ′ ∧ · · · ∧
(
0,
∑
i
(
gi · ❏ξi , hj ❑ ◦ f )|U ′)
∧ · · · ∧ (0, hn ◦ f )|U ′
)
x ′
=
∑
i
gi
(
x ′
)(
0,
n∑
j=1
h1 ∧ · · · ∧ ❏ξi , hj ❑∧ · · · ∧ hn
)(
f
(
x ′
))= 0.
By Remark 1.1, we obtain the result. ✷
2. Integration of real A-forms of maximal degree
The Fubini property [5], [13, Property 1.A.6] of the operator \∫
E
of integration over the
fibre for any oriented bundle E suggests the following
Definition 2.1. By the integral of an A-form Φ of degree n+ m with compact support,
Φ ∈Ωn+mA,c (M), on a TUIO-Lie algebroid (A, ε) of rank n over an oriented manifold M of
dimension m we mean the real number∫
A
Φ :=
∫
M
(
\
∫
A
(Φ)
)
(supp \∫
A
Φ ⊂ suppΦ , therefore \∫
A
Φ has a compact support and the integral
∫
M
( \
∫
A
Φ)
exists). For n = 0, we obtain the standard formula ∫
TM
Φ = ∫
M
Φ . Therefore, all the
results of Sections 2–6 (see below) automatically give the standard facts concerning usual
differential forms on manifolds; in other words, the lemmas and theorems below generalize
this theory (by using analogous methods).
According to the classical theorem [5, Vol. 1] and Theorem 1.2 we have
Lemma 2.1. If Φ ∈Ωn+m−1A,c (M), then
∫
A
dAΦ = 0.
As a corollary we obtain a linear mapping
#∫
A
:Hn+mA,c (M)→R, [Φ] →
∫
A
Φ,
being an epimorphism due to Theorem 1.1(e). In consequence:
Corollary 2.2. For a TUIO-Lie algebroid (A, ε) over an oriented manifold M we have
Hn+mA,c (M) = 0.
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By Definition 2.1 and Theorem 1.1(a) we obtain
Lemma 2.3. If (T , t) : (A′, ε′) → (A, ε) is a homomorphism of TUIO-Lie algebroids
inducing a diffeomorphism t :M ′ →M of oriented manifolds M ′ and M , then, for Φ ∈
Ωn+mA (M) (n, m as above)∫
A′
T Φ =±
∫
A
Φ,
the sign “+” is taken if t preserves the orientation, whereas “−” if t is an orientation-
reversing diffeomorphism.
3. The Mayer–Vietoris sequence for real A-forms on transitive Lie algebroids
Let A be any transitive Lie algebroid and consider the space of A-differential forms
ΩA(M) := Sec∧A =⊕p ΩpA(M) with a natural gradation and differential dA. An
arbitrary homomorphism of Lie algebroids (T , t) :A→ A′ (nonstrong in general) defines
the pull-back of A′-forms T  :ΩA′(M ′)→ ΩA(M)—by the formula T Φ(x; v1 ∧ · · · ∧
vp) = Φ(f (x);T v1 ∧ · · · ∧ T vp)—being a homomorphism of graded differential spaces
[15,11]. Let U ⊂M be any open subset and take the inclusions i :U ↪→M and ι¯ :A|U ∼=
i∧A→A. The pair (ι¯, i) is a homomorphism of Lie algebroids. Fix in the sequel an open
covering A= {U1,U2} of M and take the inclusions: jk :U1 ∩ U2 ↪→ Uk , j¯k :A12 → Ak ,
αk :Uk ↪→M , α¯k :Ak →A, k = 1,2, where Ak =A|Uk , A12 =A|U1∩U2 . Denote, for short,
by d1, d2, d12 the exterior derivatives of real forms on A1, A2 and A12, respectively. The
space ΩA1(U1)⊕ΩA2(U2) is treated as a direct sum of graded differential spaces with the
differential d1 ⊕ d2. Define the homomorphisms
α :ΩA(M)→ΩA1(U1)⊕ΩA2(U2), Φ → (α¯1Φ, α¯2Φ),
β :ΩA1(U1)⊕ΩA2(U2)→ΩA12(U1 ∩U2), (Φ1,Φ2) → j¯ 1Φ1 − j¯ 2Φ2.
Analogously as in the classical case [5, Vol. 1] we easily check the exactness of the
following sequence of graded differential spaces:
0 →ΩA(M) α−→ΩA1(U1)⊕ΩA2(U2)
β−→ΩA12(U1 ∩U2)→ 0.
As a corollary, by the classical theorem [5, Vol. 1], we get the long exact sequence of
graded vector spaces
· · ·→HpA
α#−→HpA1 ⊕H
p
A2
β#−→HpA12
∂p−→Hp+1A →·· · . (3.1)
The connecting homomorphism ∂p is constructed in the following way: Take a class
[Φ] ∈HpA12 . By the surjectivity of β , there exist forms Φ1 ∈ΩA1(U1) and Φ2 ∈ΩA2(U2)
such that Φ = j¯ 1Φ1 − j¯ 2Φ2. Since (dA1Φ1)|U1∩U2 − (dA2Φ2)|U1∩U2 = dA12(β(Φ1,Φ2))=
0, there exists a form Ω ∈ ΩA(M) for which Ω|U1 = dA1Φ1, Ω|U2 = dA2Φ2. We have
∂[Φ] = [Ω].
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4. The Mayer–Vietoris sequence of A-forms with compact support
Considering a homomorphism (T , t) :A→ A′ of transitive Lie algebroids fulfilling the
conditions{
Tx :A|x →A′|tx, x ∈M , is an isomorphism,
t :M→M ′, is a diffeomorphism onto an open subset (4.1)
and representing (T , t) in the form of the superposition
A
T ′ A′|U ′ A′
M
∼=
U ′ M ′
we can define the push-out of compact support A-forms
(Tc) :ΩA,c(M)→ΩA′,c
(
M ′
)
by the formula(
(Tc)Φ
)
x
=
{((
T ′−1
)
Φ
)
x
if x ∈ U ′,
0 if x /∈ U ′.
Clearly, (Tc) is a homomorphism of graded differential algebras which induces a homo-
morphism of graded algebras
(Tc)# :HA,c(M)→HA′,c
(
M ′
)
.
Consider, as in the previous section, a two-element covering A = {U1,U2} of M and
notice that homomorphisms (j¯k, jk) and (α¯k, αk) fulfil conditions (4.1). This enables one
to define homomorphisms
αc :ΩA1,c ⊕ΩA2,c →ΩA,c, (Φ1,Φ2) → (α¯1,c)Φ1 + (α¯2,c)Φ2,
βc :ΩA12,c →ΩA1,c ⊕ΩA2,c, Φ →
((
j¯1,c
)

Φ,−(j¯2,c)Φ).
Without difficulty we check the exactness of the following sequence of differential
spaces:
0 →ΩA12,c
βc−→ΩA1,c ⊕ΩA2,c
αc−→ΩA,c → 0.
As a corollary we get the long exact sequence of graded vector spaces
· · ·→HpA12,c
(βc)#−→HpA1,c ⊕H
p
A2,c
(αc)#−→HpA,c
∂
p+1
c−→Hp+1A12,c → ·· · . (4.2)
The connecting homomorphism ∂c is constructed as follows: ∂c[Φ] = [(dAΦ1)|U1∩U2]
where Φ =Φ1 +Φ2, suppΦi ⊂Ui . Clearly, supp dAΦi ⊂U1 ∩U2 and dAΦ2 =−dAΦ1.
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5. The Poincaré scalar product for TUIO-Lie algebroids over oriented manifolds
Take an arbitrary TUIO-Lie algebroid (A, ε) over an oriented manifold M .
Definition 5.1.
(a) For each integer 0 p  n+m, we define a 2-linear mapping
PpA :HpA(M)×Hn+m−pA,c →R, (α,β) →
#∫
A
α ∧ β.
All such mappings define the Poincaré scalar product
PA :HA(M)×HA,c(M)→R
in such a way:
PA|HpA ×HqA,c =
{PpA if q = n+m− p,
0 if q = n+m− p.
(b) For each integer 0 p  n+m, we define a linear homomorphism
DpA :HpA(M)→Hn+m−pA,c (M), α →
(
β → PpA(α,β)
)
.
All such homomorphisms define the Poincaré homomorphism
DA :HA(M)→HA,c(M) ∼=
p⊕
H
n+m−p
A,c (M)
,
(
αp
) → (DpA(αp)).
Of course, D0A(1)(β)=
∫ #
A β for β ∈Hn+mA,c (M).
Clearly, the integration operator \
∫
A and the pull-back γ
 transform the forms with a
compact support into such forms determining the operators \
∫
A,c and γ

c , respectively. The
following theorem connects the Poincaré homomorphism DA of a TUIO-Lie algebroid
(A, ε) with the Poincaré isomorphism DM of the base manifold M .
Theorem 5.1. For any TUIO-Lie algebroid (A, ε) over an oriented manifold M , the
following diagrams commute:
(a) H(M) DM
γ #
Hc(M)

( \
∫ #
A,c
)
HA(M)
DA HA,c(M)
(b) H(M) DM
\
∫ #
A
Hc(M)

(γ #c ◦ω˜)
HA(M)
DA HA,c(M)
where ω˜ :Hc(M)→Hc(M) is the involution: ω˜(β)= (−1)nkβ for β ∈Hkc (M).
Proof. Easy calculations using the definitions and Theorem 1.1 (c) and (d). ✷
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Theorem 5.2. Let (T , t) : (A, ε)→ (A′, ε′) be a homomorphism of TUIO-Lie algebroids,
fulfilling property (4.1) and, additionally,
t preserves the orientations of the base manifolds. (5.1)
Then the following diagram commutes:
HA′(M ′) T
#
DA′
HA(M)
DA
HA′,c(M ′)
(Tc)

# HA,c(M)

Proof. Take α ∈ HA′(M ′) and β ∈ HA,c(M). According to the definitions and Theo-
rem 1.1(a), we get
DA ◦ T #(α)(β) =
#∫
M
( #
\
∫
A
T #α ∧ β
)
=
#∫
M
#
\
∫
A
T #
(
α ∧ (Tc)#β
)= #∫
M
t#
( #
\
∫
A′
α ∧ (Tc)#β
)
=
#∫
M ′
#
\
∫
A′
α ∧ (Tc)#β = (Tc)# ◦DA′(α)(β). ✷
Long exact sequences (3.1), (4.2) for TUIO-Lie algebroids are connected with each other
via the Poincaré homomorphism:
Theorem 5.3. For any TUIO-Lie algebroid (A, ε) of rank n over a manifold M of
dimension m and an open covering {U1,U2} of M , we have the commuting diagram (in
which p′ = n+m− p):
H
p
A
α#
DPA
H
p
A1
⊕HpA2
β#
DpA1⊕D
P
A2
H
p
A12
(−1)p+1∂
DpA12
H
p+1
A
Dp+1A
(H
p′
A,c)

(αc)

#
(H
p′
A1,c
) ⊕ (Hp′A2,c)
(βc)

#
(H
p′
A12,c
)
(∂c)

(H
p′−1
A,c )

Proof. The verification of the commutativity of the first two squares follows analogously
as in the classical case [5, Vol. 1]. To prove this for the third one, take α = [Φ] ∈HpA12 and
β = [Θ] ∈Hp′−1A,c and use the construction of the connecting homomorphisms
(Dp+1A ◦ (−1)p+1∂p(α))(β)= (−1)p+1
#∫
A
∂p+1(α)∧ β = (−1)p+1
∫
A
Ω ∧Θ,
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where ∂p+1(α)= [Ω], Φ = j¯ 1Φ1 − j¯ 2Φ2, Ω|Ui = dΦi . On the other hand,((
∂
p′−1
c
) ◦DpA12(α))(β)=DpA12(α)(∂p′−1c (β))= ∫
A12
Φ ∧ d(Θ1|U1∩U2),
where Θ =Θ1 +Θ2, suppΘi ⊂Ui . It remains to check that
(−1)p+1
∫
A
Ω ∧Θ = (−1)p+1
(∫
A
Ω ∧Θ1 +
∫
A
Ω ∧Θ1
)
= (−1)p+1
(∫
A1
(dΦ1)∧Θ1 +
∫
A2
(dΘ2)∧Θ2
)
=
∫
A12
Φ1|U1∩U2 ∧ dΘ1|U1∩U2 −Φ2|U1∩U2 ∧ dΘ1|U1∩U2
=
∫
A12
Φ ∧ d(Θ1|U1∩U2). ✷
6. Poincaré duality theorem
We demonstrate in this section that the Poincaré homomorphism DA :HA(M) →
(HA,c(M))
 is an isomorphism of graded vector spaces.
6.1. Künneth isomorphism for a trivial Lie algebroid
Take a trivial Lie algebroid A = TM × g and projections γ :TM × g → TM and
π :TM × g→ g. They are homomorphisms of Lie algebroids [11].
Lemma 6.1. The Künneth homomorphism
κ :Ω(M)⊕Ω(g)→ΩA(M), ψ ⊗ ϕ → γ ψ ∧ πϕ,
is an isomorphism of graded differential algebras (in Ω(M)⊕Ω(g) the structure of the
anticommutative tensor product of graded differential algebras Ω(M) with the classical
differentiation of forms dM and Ω(g)=∧g with the Chevalley–Eilenberg differential δ
is considered).
Proof. Since κx :
∧
T x M ⊕
∧
g
∼=−→∧A|x , (ψx,ϕ) → γ x ψ ∧ πxϕ, is an isomorphism
of algebras [4] and κ(ψ ⊗ ϕ)x = κx(ψx ⊗ ϕ), we see that κ is a monomorphism. To see
the epimorphy of κ , take a form Φ ∈ΩrA(M) and a basis h1, . . . , hn ∈ g. Therefore Φx can
be uniquely written in the form
Φx = κx
( ∑
p,q, p+q=r
∑
1i1<···<iqn
ψ
p,i1,...,iq
x ⊗ hi1 ∧ · · · ∧ hiq
)
,
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for ψp,i1,...,iqx ∈∧p T x M . The p-forms ψp,i1,...,iq on M , described in this way, are smooth
because, for arbitrary vector fields X1, . . . ,Xp , the functions
ψp,i1,...,iq (X1, . . . ,Xp)=Φ(X1, . . . ,Xp,hi1 , . . . , hiq )
are smooth. Clearly, κ preserves total gradation and is a homomorphism of algebras. It
remains to check the commutativity of κ with differentials
dA ◦ κ(ψ ⊗ ϕ) = dA
(
γ ψ ∧ πϕ)
= γ (dMψ)∧ πϕ + (−1)degψγ ψ ∧ π(δϕ)
= κ(dMψ ⊗ ϕ + (−1)degψψ ⊗ δϕ)
= κ ◦ d(ψ ⊗ ϕ). ✷
Corollary 6.2. The mapping
κ¯# :H
(
Ω(M)⊗Ω(g))→HA(M), [ψ ⊗ ϕ] → [γ ψ ∧ πϕ],
induced by κ on cohomology is an isomorphism of graded algebras. After its composition
with the algebraic Künneth isomorphism [4] we obtain the isomorphism
κ# :H(M)⊗H(g)→HA(M), [ψ] ⊗ [ϕ] →
[
γ ψ ∧ πϕ].
Analogous results can be obtained by considering forms with a compact support [a form
Φ has a compact support if and only if all the forms ψp,i1,...,iq , according to the notation
from Lemma 6.1, have a compact support].
Lemma 6.3. The compact Künneth homomorphism
κc :Ωc(M)⊗Ω(g)→ΩA,c(M), ψ ⊗ ϕ → γ ψ ∧ πϕ,
is an isomorphism of graded differential algebras.
Corollary 6.4. The mapping
(κc)# :Hc(M)⊗H(g)→HA,c(M), [ψ ⊗ ϕ] →
[
γ ψ ∧ πϕ],
induced by κc on cohomology (after its composition with the algebraic Künneth
isomorphism) is an isomorphism of graded algebras.
Problem. Investigate the general situation of the Cartesian product of two Lie algebroids
from the point of view of their cohomology algebras.
6.2. The main theorem
Theorem 6.5. The Poincaré homomorphism
DA :HA(M)→
(
HA,c(M)
)
for a TUIO-Lie algebroid (A, ε) over an oriented manifold M is an isomorphism.
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Proof. Step 1. The case of a trivial unimodular Lie algebroid over Rm. Take a unimodular
trivial Lie algebroidA= TRm×g invariantly oriented by a cross-section ε ∈ SecM×∧n g
being—according to Theorem 1.4—constant: ε(x)= ε0 for 0 = ε0 = h1∧· · ·∧hn ∈∧n g.
Define the integration operator \
∫
A via this cross-section: for Φ ∈Ωn+kA (M), k  0,(
\
∫
A
Φ
)
(x; v1 ∧ · · · ∧ vk)= (−1)nkΦ(x;h1 ∧ · · · ∧ hn ∧ v1 ∧ · · · ∧ vk).
In particular, for ϕ ∈∧n g,(
\
∫
A
πϕ
)
(x)= (πΦ)(x;h1 ∧ · · · ∧ hn)= ιε0ϕ. (6.1)
In the case considered (in agreement with the previous section),
HA
(
R
m
)=H (Rm)⊗H(g)=H 0(Rm)⊗H(g)=R⊗H(g)
and
HA,c
(
R
m
)=Hc(Rm)⊗H(g)=Hmc (Rm)⊗H(g)=R⊗H(g).
Therefore it is sufficient to consider the homomorphisms (0 p  n):
D0,pA :R⊗Hp(g) = HpA
(
R
m
)→Hn+m−pA,c (Rm) =R⊗Hn−p(g),
1⊗ [ϕ] = [πϕ] →
(
[Θ] →
∫
Rm
\
∫
A
πϕ ∧Θ
)
and prove that D0,pA = (−1)mpD0Rm ⊗ Dpg where D0Rm :H 0(Rm)
∼=−→ Hmc (Rm) and
Dpg :Hp(g)
∼=−→Hn−p(g) are Poincaré isomorphisms for Rm and for the unimodular Lie
algebra g [5]. For the purpose, using the equality Hn+m−pA,c (Rm) =Hmc (Rm)⊗Hn−p(g),
we represent the class [Θ] ∈Hn+m−pA,c (Rm) in the form [Θ] = [f ·∆]⊗ [ψ], f ∈C∞0 (Rm)
and [ψ] ∈Hn−p(g) (∆ is the “determinant” m-form). We have
D0,pA
(
1⊗ [ϕ])[Θ] = ∫
Rm
\
∫
A
πϕ ∧Θ =
∫
Rm
\
∫
A
πϕ ∧ γ (f ·∆)∧ πψ
= (−1)mp
∫
Rm
\
∫
A
γ (f ·∆)∧ π(ϕ ∧ψ)
= (−1)mp
( ∫
Rm
f ·∆
)
ιε0(ϕ ∧ψ) (Theorem 1.1(c) and (6.1))
= (−1)mpD0
Rm
(1)
([f ·∆]) ·Dpg([ϕ])[ψ]
= (−1)mpD0
Rm
⊗Dpg
(
1⊗ [ϕ])([Θ]).
Step 2. The case of an arbitrary TUIO Lie algebroid over Rm. Take a TUIO-Lie
algebroid (A, ε) of rank n over Rm. According to [15], there exists a globally determined
strong isomorphism of A onto a trivial Lie algebroid TRm × g, T :A ∼=−→ TRm × g.
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Clearly, g is unimodular (because A is unimodular). It is easy to see that the cross-
section ε¯ := ∧n T + ◦ ε ∈ Sec(M ×∧n g) is invariant (see Remark 1.1(2)). According
to Theorem 1.4, ε¯ is constant, ε(x) = ε0, ε0 ∈ ∧n g. This is why (T , id) : (A, ε) →
(TRm × g, ε0) is a strong isomorphism of TUIO-Lie algebroids, fulfilling Properties (4.1)
and (5.1). Due to Theorem 5.2, the following diagram commutes
HTRm×g(Rm) T
#
∼=
∼= DTRm×g
HA(R
m)
DA
HTRm×g,c(Rm)
(Tc)

#
∼= HA,c(R
m)
Step 1 yields the isomorphy of DA.
Step 3. The case of a Lie algebroid over an open subset U ⊂ Rm. Recall that [5, Vol. 1]
by an i-basis of a topological space M we mean a basis closed under finite intersections.
Let O be an arbitrary i-base (elements of O need not be connected). Then the families
Of of finite sums and Os of disjoint, at most countable, unions of elements of O are i-
bases and if M satisfies the second countability axiom, the collection ((Of )s)f is equal to
the topology of M . Before the proof of our theorem in the case considered, we give two
auxiliary lemmas.
Lemma A. Let (A, ε) be a TUIO-Lie algebroid over an oriented manifold M with an i-
basis O. Assume DA|O is an isomorphism for every O ∈O. Then DA|O is an isomorphism
for every O ∈Of .
Proof of Lemma A. Take O =O1∪· · ·∪Ok , Oi ∈O, k ∈N. The lemma is true for k = 1
directly from the assumptions. Assume inductively the truth of the lemma for a number
k and take O = O1 ∪ · · · ∪ Ok+1, Oi ∈ O. Put U = O1, V = O2 ∪ · · · ∪ Ok+1. Then
U ∪ V = O , U ∩ V = (O1 ∩O2) ∪ · · · ∪ (O1 ∩Ok+1). Clearly, O1 ∩ Oi ∈ O (O is an
i-basis), and DA1,DA2,DA12 (A1 := A|U, A2 := A|V , A12 := A|U∩V ) are isomorphisms
(via the induction assumption). Considering the diagram from Theorem 5.3 for A= A|O ,
we get, using the five-lemma, that DpA|O , p  0, are isomorphisms.
Lemma B. Let (A, ε) be as in Lemma A and let O be any basis of M . Assume that DA|O
is an isomorphism for every O ∈O. Then DA|O is an isomorphism for every O ∈Os .
Proof of Lemma B. Take a nonempty open set O = ⋃∞i=1 Oi , Oi ∩ Oj = ∅ (i = j),
Oi ∈O. Consider the diagram
HA|O (O)
DA|O
∼=ι#
HA|O,c(O)

((lc)#)∼=∏∞
i=1 HA|Oi (Oi)
∏DA|Oi∏∞
i=1HA|Oi ,c(Oi)

in which the isomorphisms l# and (lc)# are described on the level of forms
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l :ΩA|O (O)
∼=−→
∞∏
i=1
ΩA|Oi (Oi),
(lc) :
⊕
i
ΩA|Oi ,c(Oi)
∼=−→ΩA|O,c(O)
by the pull-back and push-out via the inclusions li :Oi ↪→O . To check the commutativity
of the diagram, take Φ ∈ ΩA|O (O) and Φi ∈ ΩA|Oi ,c(Oi), i ∈ N (there are only a finite
number of indices i for which Φi = 0). Then((
(lc)#
) ◦DA|O [Φ])( i⊕[Φi])
=DA|O [Φ] ◦ (lc)#
( i⊕
[Φi ]
)
=
∫
O
Φ ∧ (lc)
( i⊕
[Φi]
)
=
∑
i
∫
Oi
Φ|Oi ∧Φi =
∑
i
DA|Oi
(
l#i [Φ]
)[Φi ]
=
(( ∞∏
i=1
DA|Oi
)
◦ l#[Φ]
)( i⊕
[Φi ]
)
.
Returning to the proof, consider a TUIO-Lie algebroid A over an open set U ⊂Rm. The
collection O of cubes O contained in U ,
O = {x ∈Rm; ai < xi < bi, i = 1, . . . ,m} ⊂U,
is an i-basis of U . Each cube is diffeomorphic to Rm, thereforeDA|O for O ∈O is an iso-
morphism (precisely, forO ∈O, we need to take an orientation-preserving diffeomorphism
t :Rm
∼=−→O , the pullback t∧(A|O) [10] and the isomorphism (T , t) : t∧(A|O)
∼=−→A|O of
TUIO-Lie algebroids and use Step 2 and Theorem 5.2). Since the topology of U is equal
to the collection ((Of )s)f , DA is an isomorphism by Lemmas A and B.
Step 4. General case. The collectionO of all open subsets of M which are diffeomorphic
to open subsets of Rm is an i-basis of M . By Step 3 (using Theorem 5.2), DA|O is
an isomorphism for each O ∈ O. Since TopM = ((Of )s)f , the theorem follows from
Lemmas A and B as in the previous step. ✷
Corollary 6.6. Under the assumptions of Theorem 5.2, T # is an isomorphism if and only
if (Tc)# is.
Corollary 6.7. If M is an oriented connected manifold of dimension m, then, for each
TUIO-Lie algebroid A on M of rank n,
Hn+mA,c (M)∼=R.
Indeed, by the Poincaré duality,
1 = dimH 0(M)= dimH 0A(M)= dimHn+mA,c (M) = dimHn+mA,c (M).
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The uniquely determined class ωA ∈ Hn+mA,c (M) such that
∫ #
A
ωA = 1 is called the
orientation class of the TUIO-Lie algebroid A over an oriented manifold M . If M is
compact, ωA ∈Hn+mA (M).
Some consequences of Theorems 5.1 and 6.5 are given below:
Corollary 6.8. If M is oriented manifold then
(a) \∫ #n+k
A
is an isomorphism (monomorphism, epimorphism) if and only if γ #m−kc is an
isomorphism (epimorphism, monomorphism), k  0,
(b) \∫ #n+k
A,c
is an isomorphism (monomorphism, epimorphism) if and only if γ #m−k is an
isomorphism (epimorphism, monomorphism), k  0.
Problem. Using the orientation bundle [1], investigate a Poincaré duality for TUIO-Lie
algebroids over nonorientable manifolds.
Example 6.1. The assumption of the unimodularity of the isotropy Lie algebras, as such,
is not sufficient for the existence of a Poincaré duality. To see this, consider the Lie
algebroid A= (M ×R)× T S1 on the circle S1 with the projection onto the second factor
as the anchor and the structure of a Lie algebra in SecA given by ❏(f,X), (g,Y )❑ =
(∇Xg − ∇Y f, [X,Y ]) where ∇Xg = ∂Xg + ∆(X)g is the covariant derivative in g =
M × R for the volume form ∆ ∈ Ω1(S1). Since ∆ is not exact, A cannot be invariantly
oriented [13, Example 6.2.4]. Represent the algebra of A-differential forms ΩA(S1) =
Sec(
∧
((M ×R)⊕ T S1))=∧R ⊕Ω(S1)∼=Ω(S1)⊕Ω−1(S1). Then
dA
(
ϕk ⊕ ϕk−1)= dS1ϕk ⊕ d¯ϕk−1,
where d¯ϕk−1 = ∆ ∧ ϕk−1 − dS1ϕk−1. Therefore HkA(S1) ∼= HkdR(S1) ⊕ Hk−1d¯ (S1), in
particular,
H 2A
(
S1
)∼=H 1d¯ (S1).
We prove that H 1d¯ (S
1) = 0, i.e., for any 1-form Φ ∈ Ω1(S1), there exists (exactly one)
function α˜ ∈ C∞(S1) such that Φ =∆ · α˜ − dS1α˜. Representing Φ = β˜ ·∆, β˜ ∈ C∞(S1)
and considering the standard covering π :R → S1, we can equivalently change our
equation to
α′ = α + β
in the domain of 2π -period functions on R. For a given 2π -period function β , the function
α(x)= ex
( x∫
0
β(t) e−t dt +C0
)
, C0 =
∫ 2π
0 β(t) e
−t dt
e−2π − 1 ,
is the unique 2π -period function fulfilling the last equation.
As a conclusion we obtain: there does not exist any 2-linear non-degenerate homomor-
phism H 0A(S
1)×H 2A(S1)→R.
J. Kubarski / Topology and its Applications 121 (2002) 333–355 349
6.3. Interpretations
We come back to Examples 1.1–1.3 of TUIO-Lie algebroids. Clearly, in the interpre-
tations below it is assumed that the appearing base manifolds of the Lie algebroids are
oriented.
Ad Example 1.1. Since the algebras with differentials of cross-sections of A(P) and of
right invariant differential forms on P are canonically isomorphic, ΩR(P) ∼= SecA(P),
we obtain the following corollary.
Corollary 6.9. For any Lie group G (not necessarily compact) satisfying condition
det(AdG a)=+1, a ∈G, there exists a Poincaré duality
HR(P )×Hn+m−R,f c (P )→R,
n = dimG, m = dimM , HR,f c(P ) is the cohomology algebra of these right-invariant
differential forms whose support cuts a “compact” set of fibres (i.e., whose projection on
M is compact).
Before analyzing Example 1.2 we establish a more general fact.
Theorem 6.10. For any TC-foliation (M,F), the algebras with differentials of cross-
sections Ω(A(M,F)) of the Lie algebroid A(M,F) of (M,F) and of F -basic differential
forms Ωb(M,F) are canonically isomorphic, Ωb(M,F)∼=Ω(A(M,F)).
Proof. Let F and Fb be vector bundles tangent to the foliation F and to the basic foliation
Fb, respectively. Let πb :M → W be the basic fibration and let α :TM → Q = TM/F
and β :Q→A(M,F)=Q/≈ (the relation ≈ identifies the values of the same transversal
field at different points belonging to the same leaf of the basic foliation)—the canonical
projections. Simple calculations show that the mapping Ωb(M,F)→Ω(A(M,F)), ω →
ω̂, where ω̂(πb(x); β ◦α(v1)∧· · ·∧β ◦α(vq))= ω(x; v1∧· · ·∧vq), is a correctly defined
isomorphism of algebras with differentials. ✷
Ad Example 1.2. According to the above theorem, for the foliation F of left cosets of a
nonclosed Lie subgroup H in a Lie group G, there exists a Poincaré duality
H(G/F)×Hm−r−f c (G/F)→R,
m= dimG, r = dimF , where Hm−r−f c (G/F) is the algebra of cohomology of the basic
forms whose support cuts a “compact” set of leaves of the basic foliation, i.e., whose
support projects onto a compact subset of the basic fibration.
Ad Example 1.3. As above, for the TP-foliation F on a compact manifold M , there exists
a Poincaré duality
H(M/F)×Hm−r−(M/F)→R.
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Remark 6.1. The last two results above, concerning the compact case, are compatible
with Theorem 3.5 from [3] since the condition H top(M/F) = 0 is fulfilled according to
Corollary 2.2.
7. Some applications of Poincaré duality
7.1. TUIO-Lie algebroids on nonoriented manifolds
Let (A, ε) be a TUIO-Lie algebroid on a connected nonoriented m-manifold M and let
π : M˜→M
be the induced double cover with a connected oriented manifold M˜ . Take the inverse-
image (π∧A,πε) being—according to Proposition 1.5—a TUIO-Lie algebroid, and let
π˜ :π∧A→A be the canonical nonstrong homomorphism induced by π . See the diagram
π∧A π˜
pr1
A
γ
T M˜
π
TM
Let π : M˜→ M˜ be the covering transformation. Then we have
Lemma 7.1. The mapping
Υ :π∧A→ π∧A, (˜v,ω) → (τv˜,ω),
is a smooth nonstrong automorphism of the TUIO-Lie algebroid (π∧A,πε) over τ .
Proof. Υ —as a restriction of the smooth linear isomorphism τ ⊕ id :T M˜ ⊕ πA →
T M˜ ⊕ πA to π∧A—is a smooth linear isomorphism of vector bundles, as well. The
commutativity of the diagram
π∧A Υ
pr1
π∧A
pr1
T M˜
τ
T M˜
is evident. It remains to notice that Υ˜ :π∧A→ τ∧(π∧A) is a strong isomorphism of Lie
algebroids. But, the composition
Υ˜ :π∧A→ τ∧(π∧A)∼= (π ◦ τ )∧A= π∧A
is the identity mapping, thus, a strong isomorphism of Lie algebroids. Since Υ + is
determined by the formula
Υ + : 0⊕ πg→ 0⊕ πg, (0x ′,ωπx ′) → (0τx ′,ωπx ′),
we have (
∧n
Υ +)(πε)x ′ = (πε)τx ′ , i.e., Υ is an automorphism of the TUIO-Lie
algebroid (π∧A,πε). ✷
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Consider now the algebra of π∧A-form with compact supports
Ωπ∧A,c
(
M˜
)
and two subspaces
Ω+
π∧A,c
(
M˜
)= {Φ ∈Ωπ∧A,c(M˜);Υ c Φ =Φ},
Ω−
π∧A,c
(
M˜
)= {Φ ∈Ωπ∧A,c(M˜);Υ c Φ =−Φ}.
By analogy, we can define two subspaces Ω+
π∧A(M) and Ω
−
π∧A(M˜) of the algebra of all
π∧A-forms. We check elementarily that
(a) Ω−
π∧A,c(M˜) and Ω
−
π∧A(M˜) are graded differential subspaces,
(b) Ω+
π∧A,c(M˜) and Ω
+
π∧A(M˜) are graded differential algebras.
From standard calculations we obtain that
π˜c :ΩA,c(M)→Ω+π∧A,c
(
M˜
)
and π˜ :ΩA(M)→Ω+π∧A
(
M˜
)
are isomorphisms of algebras.
The decomposition of a form Φ ∈Ωπ∧A(M˜) into the sum Φ = 12 (Φ + Υ Φ)+ 12 (Φ −
Υ Φ) gives the decompositions
Ωπ∧A
(
M˜
)=Ω+
π∧A
(
M˜
)⊕Ω−
π∧A
(
M˜
)
and
Ωπ∧A,c
(
M˜
)=Ω+
π∧A,c
(
M˜
)⊕Ω−
π∧A,c
(
M˜
)
.
Introducing the space of cohomology H−
π∧A(M˜) = H(Ω−π∧A(M˜)) and the cohomology
algebra H+
π∧A(M˜) = H(Ω+π∧A(M˜)) (analogously for compact supports) we obtain the
decompositions
Hπ∧A
(
M˜
)=H+
π∧A
(
M˜
)⊕H−
π∧A
(
M˜
)
and
Hπ∧A,c
(
M˜
)=H+
π∧A,c
(
M˜
)⊕H−
π∧A,c
(
M˜
)
and the isomorphisms of algebras
π˜# :HA(M)
∼=−→H+
π∧A
(
M˜
)
, π˜#c :HA,c(M)
∼=−→H+
π∧A,c
(
M˜
)
. (7.1)
Proposition 7.2. H+(n+m)
π∧A,c (M˜)= 0.
Proof. By Corollary 6.7, dimHn+m
π∧A,c(M˜)= 1. Since
R∼=Hn+mπ∧A,c
(
M˜
)=H+(n+m)
π∧A,c
(
M˜
)⊕H−(n+m)
π∧A,c
(
M˜
)
,
it is sufficient to prove that H−(n+m)
π∧A,c (M˜) = 0. Take a π∧A-form Φ ∈Ω+(n+m)π∧A,c (M˜) such
that
∫
π∧AΦ = 0. Since τ reverses orientations and Υ is an automorphism of the TUIO-Lie
algebroid π∧A over τ , we obtain—according to Lemma 2.3—that∫
π∧A
(
Φ − Υ Φ)= ∫
π∧A
Φ +
∫
π∧A
Φ > 0.
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Hence the form Φ − Υ Φ represents a nontrivial cohomology class
0 = [Φ − Υ Φ] ∈Hn+m
π∧A,c
(
M˜
)
.
But Φ − Υ Φ ∈ Ω−
π∧A,c(M˜), therefore it determines a cohomology class [Φ − Υ Φ] ∈
H
−(n+m)
π∧A,c (M˜) nontrivial again and so, H
−(n+m)
π∧A,c (M˜) = 0. ✷
Corollary 7.3. Hn+mA,c (M) = 0 for any TUIO-Lie algebroid on a nonorientable manifold
M .
Proof. π˜# :Hn+mA (M)
∼=−→H+(n+m)
π∧A (M˜)= 0. ✷
7.2. TUIO-Lie algebroids on compact manifolds
Theorem 7.4. If M is compact and (A, ε) is a TUIO-Lie algebroid on M , then
dimHA(M) <∞.
Proof. (a) M—orientable. After orienting M , via the Poincaré duality we obtain
H
p
A(M)
∼=Hn+m−pA (M) and Hn+m−pA (M)∼=HpA(M), so
H
p
A(M)
∼=Hn+m−pA (M).
From elementary linear algebra we see that dim HpA(M) <∞.
(b) M—nonorientable. Let π : M˜ → M be a double cover by an orientable mani-
fold M˜ . Then, according to (7.1), π˜# :HA(M)
∼=−→ H+
π∧A(M˜). Hence dimHA(M) =
dimH+
π∧A(M˜) dimHπ∧A(M˜) <∞. ✷
Remark 7.1. For the case of the Lie algebroid A = A(M,F) of the TP-foliation on a
compact manifold, this result agrees with Corollary 2.5 from [3].
Definition 7.1. If M is compact then, the Betti numbers
bp = dimHpA(M)
of a TUIO-Lie algebroid (A, ε) on M are defined. The sum
χ(A,ε) =
∑
p
(−1)pbp
is called the Euler–Poincaré characteristic of (A, ε).
According to the Poincaré duality, if M is compact and orientable, then
bp = bn+m−p, 0 p  n+m.
Proposition 7.5. Let M be a connected manifold and (A, ε) a TUIO-Lie algebroid on M .
If M is compact and orientable, then Hn+mA (M)=R. Otherwise, Hn+mA (M)= 0.
Proof.
(a) M—compact and orientable. Corollary 6.7 yields Hn+mA (M)∼=R.
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(b) M—compact and nonorientable. Corollary 7.3 gives Hn+mA (M)= 0.
(c) M—noncompact and orientable. The Poincaré duality gives
Hn+mA (M)∼=H 0A,c(M) = 0.
(d) M—noncompact and nonorientable. Take the double covering π : M˜ →M with a
connected, orientable and noncompact manifold M˜ . Hence, by (7.1) and (c) above,
Hn+mA (M)∼=H+(n+m)π∧A (M˜)⊂Hn+mπ∧A (M˜)= 0. ✷
Proposition 7.6. Let (A, ε) be a TUIO-Lie algebroid on a compact oriented manifold M .
If n+m is odd (n and m as above), then χ(A,ε) = 0.
Proof. Simple arguments, as in the classical de Rham situation [5, Vol. I], give
χ(A,ε) =
n+m∑
p=0
(−1)pbp =
n+m∑
p=0
(−1)pbn+m−p = (−1)n+mχ(A,ε) =−χ(A,ε),
therefore χ(A,ε) = 0. ✷
Example 7.1. Each TUIO-Lie algebroid belonging to one of the following classes
• R-Lie algebroids on M2,
• so(3)-Lie algebroids on M4,
has the trivial Euler–Poincaré characteristic.
These Lie algebroids are examined in [14]. The index of a flat connection at an isolated
singularity is defined and the analogue of the Euler–Poincaré–Hopf theorem is obtained
(with the use of the so-called Euler class which may be non-trivial in contrast to the zero
Euler–Poincaré characteristic!)
7.3. Signature
Consider a TUIO-Lie algebroid (A, ε) on a compact, connected and orientable manifold
M . Then HA,c(M)=HA(M) and the Poincaré scalar products are bilinear maps
PpA :HpA(M)×Hn+m−pA (M)→R,
while the Poincaré isomorphisms are linear maps
DpA :HpA(M)→Hn+m−pA (M).
Since PpA(α,β) = (−1)p(n+m−p)Pn+m−pA (β,α), α ∈ HpA(M), β ∈ Hn+m−pA (M), we
have:
(a) if n+m= 2k, then p(n+m− p)≡ p (mod 2) and
PpA(α,β)= (−1)pPn+m−pA (β,α),
(b) if n+m= 2k+ 1, then p(n+m− p)≡ 0 (mod 2) and
PpA(α,β)=Pn+m−pA (β,α).
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Assume n+m= 2k. Then
PkA :HkA(M)×HkA(M)→R
is skew-symmetric if k is odd and symmetric if k is even.
Definition 7.2. If n + m = 4r , then P2rA is symmetric and its signature is called the
signature of the TUIO-Lie algebroid (A, ε). It will be denoted by Sig(A, ε).
Example 7.2. Seeing that the tangent bundle to a G-principal bundle P over M is a
pullback via the projection π :P →M of some vector bundle on M, T P ∼= π[A(P)],
(A(P) denotes the Lie algebroid of P ), then, in the case where P possesses the signature
(P is compact, oriented and has dimension 4k) and dimG> 0, we have SigP = 0 (it is a
simple corollary from the Hirzebruch signature theorem [7]). Via the invariant-cohomology
argument we obtain that the signature of the Lie algebroid A(P) of such a G-principal
bundle for a compact and connected Lie group G is again equal to zero. Therefore we can
pose the following conjecture.
Conjecture 7.7. The signature of any TUIO-Lie algebroid (A, ε) on a compact connected
oriented manifold M is zero,
Sig(A, ε)= 0,
when rank g > 0 (i.e., when the dimensions of the isotropy Lie algebras are positive).
Proposition 7.8. Under the assumptions of Proposition 7.6, we have
(1) if n+m= 2k, k-odd, then χ(A,ε) ≡ bk ≡ 0 (mod 2),
(2) if n+m= 4k, then Sig(A, ε)≡ b2k ≡ χ(A,ε) (mod 2). If the conjecture holds then
b2k and χ(A,ε) are even.
Proof. Simple standard calculations. ✷
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